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Abstract. We describe the moduli space of extensions in the model cate- 
gory of simplicial presheaves. This article can be seen as a generalization of 
Blomgren- Chacholski results in the case of simplicial sets. Our description of 
the moduli space of extensions treat the equivariant and the nonequivariant 
case in the same setting. As a new result, we describe the moduli space of 
M-bundles over a fixed space X, when M is a simplicial monoid. Moreover, the 
moduli space of M-bundles is classified by the classifying space of the simplicial 
submonoid generated by homotopy invertible elements of M. We give a gen- 
eral interpretation of generalized cohomology theories (connective) in terms 
of classification of principle bundles. We also construct categorical model for 
the classifying space BG and EG when G is a simplicial (topological) monoid 
group like. 



Results 

We extend the work done in [4] to a more general setting, we construct a unique 
theory for the equivariant and nonequivaruant framework, and even more. As conse- 
quence, we describe the moduli space of M -principle bundle, where M is a simplicial 
monoid or even more generally M is a simplicial presheaf on some simplicial cate- 
gory. Let C a simplicial category and X a simplicial set, and F : C op — > sSet any 
simplicial functor (the category of simplicial presheaves is denoted by C), then the 
moduli space N.Extc(A^, F) (cf !2.2|) of extensions of X by F is described as follows: 

Theorem I: 12.111 12.121 The moduli space of extensions is classified by the clas- 
sifing space of homotopy auto- equivalences of F i.e., the map 

N.ExtcCFjX) - Map (A", BAut h (F)) . 

Here, the notation BAut h (F) means the mapping space of auto-equivalences of a 
fibrant cofibrant replacement of F e C. As an application we can classify the prin- 
ciple M -bundles 12. 3[ when M is a simplicial monoid. 

Theorem II: 12.141 Let M be a simplicial monoid and M the simplicial category 
with one object * and M(*, *) = M , then 



N.Ext M (M,X) - Map(X,BM*), 
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where M* (cf \2.13\) is the simplicial sub monoid of M of homotopy invertible "ele- 
ments" . 

If E is an infinity loop space, first, we can define the iterated bar construction 
B n E (classifying space) is still an infinity loop space and so we can strictify it to a 
simplicial monoid group like. As a consequence we obtain the following result: 

Corollary: 12.161 Let X and E as before, then E n (X) — [X,B n E] is in bisection 
with the homotopy equivalence classes of W l ~ 1 E '-principle bundles over X . In other 
words: [X,B n E] ~ Ext^-i^B™- 1 ^, X) := 7r N.Ext Bn -i £ ;(B™- 1 i;, X). 

The last corollary gives an interpretation of H n (X, G) , the cohomology group with 
coefficient in some abelian group G, the elements of the cohomology group are in 
bijection with the equivalence classes of objects in the category 
Ext K („_ l!G )(K(n — 1, G), X), where K(n, G) is the nth Eilenberg-Maclane space of 
the group G. In the last section [3j we prove two result, the first one is an explicit 
description of the mapping space in the model category of simplicial presheaves C. 
Let F be a presheaf, we denote by Cf e the subcategory of presheaves equivalent 
to J 1 1231 

Theorem III: 13.21 For any (fibrant-cofibrant) object F in C, we have an equiv- 
alence of simplicial sets N,C^ e ~ BAut h (F), where Aut h (F) mapping space of 
autoequivalence of F i.e., mapg(F, F)* . 

We should remark that in [2], the authors prove a similar result for any model 
category, but we think that our result in the case of the model category of simpli- 
cial presheaves is more conceptual. The second result is about constructing three 
explicit categories, which connect different mapping spaces of different model cat- 
egories i.e., the mapping space in the model category of simplicial presheves, and 
the mapping space of model category of simplicial (topological) categories, these 
results are summarized in the following lemma. 

Lemma: Let G, be a topological monoid group like, then there two categories 
and a forgetful functor U : EG — > BG such that: 

1- N.BG ~ BGWK 

2- N.EG is contractible. [3l0\ 

3- and the realization of the nerve of the homotopy fiber of U is equivalent to G 

\M 

1. Preliminaries 

The main goal of this paragraph is to define a projective model structure and ex- 
tra structures on the category of enriched functors [C op , sSet] := C (or [C, sSet] := 
C it depends on the context) where (sSet, x , Map) is the symmetric monoidal 
closed model category of simplicial sets, and C is a enriched category over sSet. 
Lets describe in more detail the category [C, sSet] := C, the objects are topological 
functors F : C — » sSet i.e., 

• A map ObF : ObC -)■ ObsSet. 
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• For any pair (x,y) of objects in C, we have a compatible (unit and asso- 
ciativity axioms) continues maps of spaces: 

F x . y : C(x,y) -> Ma.-p(Fx, Fy) 

or equivalently, a compatible continues map F XtV : C(x,y) x Fx — > Fy. 

A morphism in C between two functors F and G is a natural transformation H : 
F — > G such that for any object x S ObC the following diagram commutes: 

C(x, y) x Fx — Fy 



C(x,y) x Gx -—^ Gy 

The category C is a simplicial category in a natural way. For any simplicial set 
X and any simplicial functor F : C — > sSet we define the tensor product X x F 
and the cotensor F x degree by degree i.e., (X x F)(c) = X x F(c) and F x (c) — 
Mappf , F(c)) for any object c G C. 

Theorem 1.1 (projective model structure). [7] The category C is cofibrantly gener- 
ated simplicial model category, where H : F — > G is a weak equivalence (fibration) 
if and only if for any x G ObC, the map H x : Fx — > Gx is a weak equivalence 
(fibration) in sSet. Moreover, the mapping space in C is given by 

map e (F,G)„ = homg(A" x F, G). 

Remark 1.2. The same theorem is true if we replace sSet by Top (topological 
categories) or by Ch^ (dg-categories) or any other good symmetric monoidal model 
category. 

Lemma 1.3 (Yoneda). Let C be a simplicial category, then functor i : C op — > C, 
which takes an object c to C(— , c), is fully faithful in the enriched sense, i.e., 
C(c,d) — mapg(i(c), i(d)) and more generally 

mapg(i(c),F) = F(c). 

1.1. the mapping space as a moduli space. The mapping spaces in C has a 
very nice description as the nerve of some category. Let F a fibrant object C and 
c G C, define the category F± c as follow: 

(1) Object are morphisms / : i(c) x A™ — > F. 

(2) morphisms are maps a : A™ — > A m such that f\ o (id c x a) = fa. 

The nerve of the the category F^ c is related to the mapping space in the projective 
model category C, more precisely we have the following equivalence 

Lemma 1.4. We have the following isomorphisms and equivalences: 

N.(F |C ) ~ map e (z(c),F) ~ F(c). 

Proof. The category Fj, c is equivalent to the category F(c)^a (for the definition of 
the last category (cfl%tl). and N.(F(c) ;A ) ~ F(c). □ 
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2. Moduli space of extensions 

The main idea is the classification if the fiber sequences in the category C. The 
standard example of such classification was done in the category of spaces (topo- 
logical spaces, simplicial stes). Roughly speaking, given two spaces X and F, we 
want to classify all the extension of the form E — > X such that the homotopy fiber 
is equivalent to F. We say that two such extensions E and E are equivalent if 
there is a homotopy (zig-zag) equivalence between them, compatible with the base 
X. A famous result claims that the set of extensions of X by F up to equivalence 
is in bijection with the set of homotopy classes [X, BAut h (F)], where Aut h (F) is 
the topological monoid of homotopy equivalences of F and BAut h (F) is the cor- 
responding classifying space. A more general version of this result is explained in 

mm 

In the equivariant setting, the classification of G-principle bundles is well under- 
stood. Up to isomorphism, the G-principle bundles over a space X are classified by 
the set of homotopy classes [X, BG], where BG is the classifying space of G. Now, 
if G is a simplicial monoid, we formulate a generalization in our theorem 12.141 
Our main goal is to put the both precedent examples in the same framework and 
consider the classification in the category of simplicial presheaves C. 

Definition 2.1. An object X of C is trivial if X : C op sSet factors as X : 
C op — > * — > sSet, i.e., X is a constant functor. 

Definition 2.2. Let X a trivial object of C and F be any objects of C, define a new 
category Extc(-F, X), where objets are maps E — > X in C, such that the homotopy 
pullback holim(* — > X <— E) is equivalent to F. Morphisms are commutative 
diagrams: 



E >■£? 




X 



where / : E — > E is a weak equivalence in C. 

Definition 2.3. (M-principle bundle) Let X be a space and M a simplicial category 
with one object * i.e., it is equivalent to give a simplicial monoid M = M(*, *) of 
cndomorphisms. We call M-principle bundle any object / : E — > X of Ext]yi(M, X) 
such that / is a fibration of spaces. 

Definition 2.4. Suppose that X is a trivial object in C, we denote by X^a the 
category where 

• Object are maps A™ — > X in C. 

• Morphisms are commutative diagrams in C 

A™ ^ A m 




X 
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2.1. Global correspondence. In this section wc define a correspondence between 
the category of extension F,x±c(F, X) and the category of functors [X|, A , C]. Sup- 
pose B^Ian object in Extc(-F, X), then for any object in X i A , w( 3 associate 
the limit 

lim(A™ -> X <- J5) 

in the category C. This functor is denoted by 

Loc:Ext c (F,X) -> [X ;A ,C]. 

Actually, there is a natural transformation between the functor Loc and the trivial 
functor Ux which associate to each object A™ — > X in Xj_ A the object A" e C. 
The direct consequence is that the functor Loc is factored as 

Loc : Ext c (F,X) [X iA ,C] iujt -> [X iA ,C]. 

For any object / : E —> X, there is a functorial factorization / : E — > Ri? — > X 
where the first map is a trivial cofibration and the second map is a fibration. Now, 
we can define an endofunctor R : 'Ey±c(F,X) — > Extc{F,X) which associate to 
E ->• X the object RE — > X. 

Definition 2.5. Let M a model category and X £ M any object, define M^ e to 
be the subcategory of M whose objects are equivalent to X and morphisms are 
weak equivalences. 

Corollary 2.6. The functor 

RLoc = Loc o R : Ext c (F, X) -> [X iA , C]^ y 

factors as 

RLoc : Ext c (F, X) -> [X iA , C£ e ] it , x -> [X ;A , C]^ . 

Proof. Suppose that E — > X is an object If Extc (F, X), then the pullback lim(RB — > 
X <— A n ) is a homotopy pullback since C is right proper, thus the fiber is equivalent 
to F by definition. It follows that RLoc factors through [Xj. A , Cp e ]i Vx □ 

2.2. Local correspondence. The inverse map is called the assembly map in [3]. 
The idea is quite simple, pick any object in K S [Xla> ^% e \iu x > by definition 
the object K comes with a natural transformation K — > Ux, if we denote by 
QK — >• K the functorial cofibrant replacement of K in the projective model struc- 
ture [X^ A , C], then after taking the colimit we end up with an object in Ext c (i ? , X) 
which is given by 

hocolimx 4A K — colim QK — > colim K — > colim Ux = X. 

Lemma 2.7. With the same notation as before, the map (which exists by lifting 
property) 

(2.1) hocolim XiA [K(c)] [hocolim X4 . A K](c) 

is a weak equivalence for any c € C. 

Proof. Just to be more precise, the first homotopy colimit is computed in the cat- 
egory of diagrams in sSet after evaluation in c, and the second one is computed in 
the category of diagrams in C and then evaluated at c G C. In fact, if QK is the 
cofibrant replacement of K in the projective model category [Xj_ A , C], then QK{c) 
is the cofibrant replacement of K{c) in the projective model category [Xj_ A , sSet], 
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since both categories are cofibrantly generated we can check by hand. The gener- 
ating (trivial) cofibrations in [Xj,a , C] are given by 

X ;A (0 x C(-,x) xX^ X iA (i,)x C{-,x) x Y 

where X — > Y is a (trivial) cofibration in sSet, i G Xj_a an d x G C. Thus, the 
evaluation functor ev c : [X^a , C] — > [Xj_a , sSet] at any object c G C is a left 
Quillen functor, which means that QK(c) is a cofibrant object in [Xj,A)SSet]. We 
conclude that QK(c) — > K(c) is a cofibrant replacement of K(c) in [Xj,a, sSet] and 
that the map in 12.11 is a weak equivalence for any c G C by the universal property 
of the the homotopy colimit. □ 

Lemma 2.8. We the same notation as before, suppose that X G C is trivial, then 
the homotopy pullback in C of the diagram: 

holim(hocolinix 4A K — > X <— *j 

is equivalent to F. 

Proof. We have seen in !2.7l that hocolinix iA [if (c)] — > [hocolimx, A K](c), is a weak 
equivalence for any c G C, on the other hand X(c) = X for any c G C, we deduce 
that 

holim([hocolimx 4A K]{c) — > X(c) <— *) ~ holim(hocolimx, A [K{c)\ — > X(c) <— *) 
and by [4] we have 

holim(hocolimx 4A K(c) -> X(c) <— *) ~ F(c) 

since the (trivial) fibrations in C are degree wise (trivial) fibrations and limits are 
computed also degrewise in C, we conclude that 

holim(hocolimx 4A K — > X <— *) ~ F. 

□ 

Corollary 2.9. By the precedent lemma Wlh we have that hocolimx 4A i^ — >• X is 
an object of~Ex±c(F,X), thus we define the derived global functor 

LGlob : [X lA ,C^ e } lux Ext c (F,X) 

as the composition 

[X iA ,C™] iux [X ;A ,Cr]^ x ^ExtcCF.X). 

2.3. Relation between the local-global correspondances. In this section we 
prove our main theorem. Recall that the nerve functor N, : Cat — > sSet has the 
property that 

(2.2) N.Cat(C, D) ~ Map(N.C, N.D). 

Lemma 2.10. We have a weak equivalence 

N.Forget : N.[X iA , C w F e ] iux ^N.[X lA ,C^} 



MODULI SPACE OF FIBRATIONS IN THE CATEGORY OF SIMPLICIAL PRESHEAVES 7 



Proof. The forgetful functor admits a left adjoint 

-xU x : [X iA ,C£ e ]^[X ;A ,C£V x 

such that for any K € [Xj, A , C F e ] the map K x Ux —> Ux is the canonical projection 
on the second factor. Thus, we obtain the desired equivalence of the corresponding 
nerves. □ 

Theorem 2.11. The simplicial map 

N.RLoc : N.Ext c (F,X) -> N.[X |A , C w F e ] iux 
is a weak homotopy equivalence. Moreover, the induced map 

N.LGlob : N.[X+ A , C w F e ] ilIx -»• N.Ext c (F,X) 

is a weak homotopy inverse. 

Proof. For any c G C, and any if e [X ;A , C^ e ) lux C [X; A , C]^ , we have seen 
by 12.71 that hocolimx 4A [^(c)] — > [hocolimx^ A K](c) is a weak equivalence, which 
means that (QK)(c) —¥ K(c) is a cofibrant replacement for any c £ C and functorial 
in the variable c. Now, we are ready to apply the proposition 18.5 of [4] degreewise, 
thus we construct a zig-zag of natural transformations between the identity and 
RLoc o LGlob which is described as follows, after evaluation at c 

[RLoc o LGlob (K)](c) (QK)(c) s~ K{c). 

For any object / : E — > X in Extc(i ? , X), we take the evaluation at c i.e., f c : 
E(c) — > X(c) = X. Applying the same proposition 18.5 of [4], we have a zig-zag of 
natural transformations between id and LGlob o RLoc given by 

[LGlob o RLoc (/ c )] »- Rf c < f c 

Consequently, the induced maps 

RLoc : N.Ext c (F,X) -> N.[X iA , C w F e ] iux 

LGlob: N.[X iA ,CTh Ux ^N.Ext c (F,X) 

are weak equivalence and are weak inverses of each other. 

□ 

Corollary 2.12. There is a weak equivalence: 

N.Ext c (F,X) - Map(X,B Aut h {F)). 

Proof. Since N.X iA ~ X by [HI and N.C™ e - BvW^F) byGCl thus, we apply 
theorem 12.111 12.101 12. 2[ and we conclude that 

N.Ext c (F,X) ~ N.[X iA ,C^]^ x ~ N.[X iA ,C£ e ] ~ Map(X, BAut h (F)). 

□ 
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2.4. Applications. 

Definition 2.13. Let G be simplicial monoid, we define G* the simplicial monoid 
of homotopy invertible elements as the pullback: 

G* >- G 

[ttqG]* [ttqG] 

where [7r G]* is the set of invertible elements of the discrete monoid [7r G]. 

Theorem 2.14. Let G be a simplicial monoid and G the simplicial category with 
one object * and G(*, *), be denote by G the representable functor G(— , *), then 

N.Ext G (G,X) - Map(A,BG*), 

if G is simplicial monoid group-like then, N,ExtG(G,X) ~ Map(A, BG). 

Proof. We apply corollary 12.121 and recall that mapg (G,G)* ~ G* by lemma [l~4l 

□ 

Corollary 2.15. In the model category of simplicial sets sSet = *, we have 
N.Ext?(F,X) - Map(X,B Aut h {F)). 

Proof. It is a direct consequence of the theorem 12.111 and 12.121 if we replace C by 
the trivial category *. □ 

An other application is related to the interpretation of connective cohomology 
theories, suppose that E is an infinity loop space, then for any space X we define 
the n-th cohomology group E n (X) = [X, B n E\. We should recall that B n E is still 
an infinity loop space and it is equivalent to a simplicial monoid group like. So by 
the main theorem l2.1U we deduce the following lemma: 

Corollary 2.16. Let X and E as before, then E n (X) is in bijection with the 
homotopy equivalence classes of W l ~ l E -principle bundles over X . In other words: 

[X,B n E] ~Ext^„- 1B (B n - 1 £:,X), 

where we donote by definition 7r N.Ext B r 1 -i £; (B" _1 i?, A") = Ext^-i^B™" 1 ^ X). 

Proof. Recall that any loop space is (zig-zag) equivalent to strict simplicial monoid, 
thus H n ~ 1 E is equivalent to strict simplicial monoid which is also a group like, we 
will denote the strict version also by B"^ 1 ^. Applying theorem 12. 141 we conclude 
that 

Ext^-^B"- 1 ^,^) ~ [X^B^E)*} ~ [X,B n E]. 

□ 

In the particular case when E is the an abelian group G, then 
H n (X,G) ~ 7r N.E X t K(n _ 1)G) (K(n- 1,G),X). 

Remark 2.17. The previous theory of extension can be developed in the topological 
setting up to some restrictions. Moreover, the topological formulation of theorems 
12.111 12.121 12.141 12.151 and lemma 12.161 are still true if we replace C by an enriched 
category over CW-complexes, such that X : C op — > CW C Top is a trivial topo- 
logical functor with value in the sub category of CW-complexes. If G = Z and 
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X a topological space, it is well known that the group H 2 (X, Z) is isomorphic to 
the set of isomorphisms classes of S 1 -principle bundles (the standard definition of 
principle bundles in the context of topological spaces). This result is a particular 
case of 12.161 

3. Categorical model of the classifying space 

In this section, we should mention that we will not be very precise about the 
set theoretic size issues. The problem is solved implicitly by the formula 13.21 
where we compare something small with something apparently big. The mapping 
space in the model category of topological (resp. simplicial) categories Cat Top [2] 
(resp. Cat sSet [3]) is strongly related to the mapping space in the model cate- 
gory of simplicial presheaves. This fact is not trivial and goes back to the origi- 
nal paper [6], where Toen computes the mapping space of the model category of 
dg — categories. For any (small) topological categories D (cofibrant) and C, the 
mapping space map CatTop (D, C) is equivalent to the nerve of the weak groupoid of 
quasi-representable (qr) topological functors which are cofibrant-fibrant (cf) in the 
projective model structure 11.11 i.e.. 

— — qr,cf 

(3.1) map CatTop (D, C) ~ N.u> D°p x C . 

This equivalence is due to B. Toen (in the context of dg-categories) which we 
adapted for the case of topological and simplicial categories. He constructed the 
derived internal Horn, RHOM in the model category dg — Cat which is 

RHOM(D, C) - Tfp~®C qr,Cf . 

Inspired by his construction and playing with adjunction between the derived inter- 
nal Horn and the derived tensor product we give a full description of the mapping 
space in Catxop (resp. Cat s s e t), (cf- formula l3.1j) . In the case where D = *, then 
we obtain a very nice formula (cf [2], [6]) 

(3.2) NC* ~ map CatTop (*, C) ~ N.C« r ' c/ '* ~ N.u> C qr > cf ~ N.u> C qr 

where C* is the oo-groupoid associated to C, and C qr is the subcategory of functors 
which are equivalent to a rcprcsentable functors map c (— , c) for some object c. The 
first equivalence NC* ~ map CatTop (*, C) is described in [2J, the second equivalence 
comes from the fact that the inclusion of C in C qr ^ is a Dwyer-Kan equivalence. 
The equivalence map CatTop (*, C) ~ N.io C gr,c ^ is a special case of 13.11 The last 
equivalence is a consequence of the fact that the cofibrant-fibrant replacement is 
functorial. 

Lemma 3.1. Let A and M two model categories with functorial fibrant R and cofi- 
brant Q replacement, suppose we have a Quillen adjunction G : A < I M : F, 
and let a € A and m G M, such that 

(1) GQ(o) e MZ- 

(2) FR(m) e A^ e . 

then there is an equivalence of simplicial sets N.A^ e ~ N.MJ^ e . 

Proof. Since the adjunction verify the properties (1) and (2), we can restrict the 
adjunction to 

GQ : A™ e ~ »- MZ : FR . 
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Moreover, we have a zig-zag of natural transformations: 

GQFR^R^id and FRGQ <- Q id. 
We conclude that N.A™ e ~ N.M™ e . □ 

Theorem 3.2. For any (fibrant-cofibrant) object F in C, we have an equivalence 
of simplicial sets N.C^ e ~ BAut h (F) where Aut h (F) mapping space of autoequiv- 
alence of F i.e., mapg(-F, F)* . 

Proof. Let denote the monoid mapg(i ? , F) by M, and let M be the simplicial 

category with one object and * and map M (*,*) = M. Let M be the simplicial 
category of simplicial functors [M,sSet]. We have a natural Quillen adjunction 

-® M F: M ~ — ± C : map e (F, -) 

Since F <g)^ M ~ F ® M M ~ F and Rmapg(F, F) ~ mapg (F, F) — M, we can 
apply lemma [3~T1 for a = F and m — M, thus we conclude that 

N.C£ e - N.M™/ = N,ioM« r 

is a weak equivalence. On an other hand, applying the formula I3.2I we obtain an 
equivalence 

N.wM 9 '' - N.M* - BM*. 
But M* = map e (F,F)* by definition. □ 

3.1. Classifying Category. In this section, G will denote a topological monoid 
group like i.e., ttoG is a group. The underlying space G is compactly generated 
and Hausdorff. In this paragraph, we define the classifying category BG of G. We 
also define in a categorical way the EG (which has a contractible nerve) and we 
construct a functor EG — > BG in such a way that the realization of the comma 
category (homotopy fiber) is equivalent to G. 

Definition 3.3 (G-space). A G-space X is a topological space with a continues 
action of G. 

Remark 3.4. A G-space X is the same thing as giving a functor X : G —> Top, 
where G is a topological category with one object * and G(*, *) = G. The category 
of G — spaces is denoted by G. 

Definition 3.5 (Categorical classifying space). Let G a topological monoid group 
like, define the category BG as follows: 

• Objects are cofibrant G-spaces equivalent to G (in the projective model 
structure G). 

• Morphisms are G-maps / : X — > Y which are weak equivalence. 

Remark 3.6. By definition, the category BG is exactly the category wG qr ^ c . 

Lemma 3.7. The nerve of the category BG is equivalent to the classifying space 
BG, 

N.BG - BG. 

Proof. Since G is an oo— groupoid by definition, then Gi r >f c is also an oo—groupoid 
equivalence to G. Thus, we apply the formula 13.21 and conclude that N.G ~ 
N.G« r ' /c , but N.G is a model for BG and BG = wG qr ' fc = G qrJc . □ 
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Definition 3.8. The category EG is defined as follows: 

(1) Objects are morphisms of G-spaces X — » G (not necessary weak equiva- 
lences), such that X is a cofibrant G-space and weakly equivalent to G. 

(2) the morphisms EG(X — > G, Y — > G) are given by the commutative diagram 
of G-spaces. 



X ^Y 




G 



We should remark that there is an obvious (forgetful functor) from U : EG — > 
BG, which sends X — > G to X. 

Lemma 3.9. The homotopy fiber of the map |N.E/| : |N.EG| — > |N.BG| is equiv- 
alent to G. 

Proof. Using the Quillen theorem B, it is enough to study the homotopy type of the 
comma category EGj,x, where X £ BG. We will show that N,EG;x is equivalent 
to the mapping space mapg(G, G) in the projective model structure 11.11 More 
precisely, the comma category ~EG^x is described as follows: 

• The objects are maps h : UY — > X in BG. Where Y is an object of EG. 

• A morphism between h : UY — > X and hi : UY' — > X, is a morphism 
/ : Y — > Y in EG such that the following diagram commutes: 

uf 

UY ^ UY' 




It is easy to see that the category EGj.x is isomorphic to the category where 

• Objects are zigzag maps in BG of the form G ■< Z — X . 

• Morphisms are maps Z Y such that the following diagram commutes: 

G -s Z—^-X 



Y 

By [5] , the nerve of the comma category EG;x is equivalent to the mapping space 
mapg (X, G) in the projective model structure defined in ll.ll On an other hand any 
weak equivalence X — > Y of G-spaces induces a weak equivalence mapg (Y, G) — > 
mapg(X, G) because X, Y are cofibrant and G is fibrant as a G — space. Since 
there is a weak equivalence X — >• G of G-spaces by definition, we conclude that 

|map g (X,G)| - |mapg(G,G)| ~ G, 

for any X £ BG. □ 

Corollary 3.10. The nerve of the category EG is contractible. 



Proof. It is an easy consequence of 13.91 and 13.71 and Serre's long exact sequence in 
homotopy. □ 
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